NONLINEAR ERGODIC THEOREMS FOR NONEXPANSIVE MAPPINGS IN HILBERT SPACES
BY NORIMICHI HIRANO AND WATARU TAKAHASHI § 1. Introduction.
Let C be a closed convex subset of a Hubert space H and T be a mapping of C into itself. T is said to be asymptotically nonexpansive if for each x, y^C, \\T % x-T x y\\^(X+a % )\\x-y\\ for i=l,2,-, where limα^O. In particular if a t =0, i=l, 2, •••, T is said to be nonexpansive.
τ
In [1] , Baillon proved the first nonlinear ergodic theorem: Let C be a closed convex subset of a real Hubert space H and T be a nonexpansive mapping of C into itself. If T has a fixed point in C, then for each x in C, converges weakly to a fixed point of T. Brezis and Browder [3] extended this theorem to general averaging processes B n (x)= Σ α n . kT*x(0ύa n . k , Σ a n . k = l).
The argument there was very simple and elegant. In this paper, at first, we extend Baillon's theorem to asymptotically nonexpansive mappings and we prove that the converse of Baillon's theorem is also true if for each x in C, A n (x) converges weakly to a point in C, then T has a fixed point in C. Moreover, we obtain nonlinear ergodic theorems for a family {T t : 0^ί<oo} of mappings on C satisfying some conditions. Finally, a nonlinear ergodic theorem for a commutative semigroup of nonexpansive mappings on C is given by using the asymptotic center defined in Lim's paper [7] .
The authors wish to express their hearty thanks to Professor Hisaharu Umegaki for many kind suggestions and advice. § 2. Ergodic theorems for nonlinear mappings.
Let H be a real Hubert space and C be a closed convex subset of H. Let Received July 28, 1977.
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T be a mapping^from C into itself, then we define
Let DdH. We denote by D the closure of D, by coD the convex hull of D and by δ(D) the diameter of Zλ Let T map C into H, then we denote by R(T) the range of T and by F(T) the set of fixed points of T. Let C be a nonempty closed convex subset of a Hubert space H, and {x a : αe^4} be a bounded net in C. Then, we define : r e (*)=sup{||*-Λ^H : β^a),
The set {ieC: r(x)=r} will be called the asymptotic center of {x a :a^Λ} in C. This definition is due to Lim [7] . From the above definition, the asymptotic center of {x a : a^A) in C is a single-element set {x} in C such that
We write x n -^ x to indicate that the sequence of vectors {x n } converges weakly to x as usual x n -> x will symbolize (strong) convergence. 
we obtain
If we choose n=A n x in (*), then Therefore we obtain that for each u^H, n ι=o n ι=o
If we set u=T k A n x where k^n, then This is a contradiction.
Proof of Theorem 1. By the weak compactness of ~cδ{T n x), there exists a subsequence M^x} of {Λ n x} which converges weakly to a point y in C. By Lemma 2, 3/ is a fixed point of T, and 3/ is included in Π c5{T*x: k^n}.
We shall
show that 3; is the asymptotic center of {T n x\. Therefore {A n x} converges weakly to x Q . Let C be a closed convex subset of H. A mapping T from C into itself is said to be nonexpansive if \\Tx-Ty\\^\\x-y\\ for every x, y^C.
The following interesting result was obtained by [10] . Suppose that {A n x} converges weakly to a point y for some xεC. Then {A n x} is bounded. By using methods employed in [3] , we shall prove that A n x-TA n x-*0.
As in the proof of Lemma 1, we obtain that for any u in H, Since a Hubert space satisfies OpiaΓs condition [9] , if yφTy, we obtain Urn ||i4 n *-y|| < lim \\Λ n x-Ty\\ This is a contradiction. Therefore we have y=Ty. (c)'=> (c) and (a) «=> (a)' is trivial.
It is obvious that P is a retraction of C onto F(T). We shall show that P is nonexpansive. In fact, for all XJGC, we have
\\Px-Py\\ 2 = lim (A n x-A n y, Px-Py)
n mχ-y\\\\Pχ-Py\\.
Hence, we have \\Px-Py\\^\\x-y\\ . Let A n x-^y and A n Tx--y'. Then, since
O(ΞR(I-T)aR(I-T),
it follows from Lemma 4 that A n x-A n Tx -0. So, we have y=y', and hence PT=P. It is obvious that TP=P.
% 3. Ergodic theorems for one-parameter semigroups
Let C be a closed convex subset of a real Hubert space H, and {T t : O^f <oo| be a family of mappings of C into itself satisfying the following conditions:
(a) T t+s x=T t T s x
for all x^C and all t, s^O;
(c) for every xeC, T t x is continuous in t^O.
We shall call such a family an one-parameter semigroup of mappings on C.
THEOREM 3. Let C be a closed convex subset of a real Hilbert space H, and {T t : 0^t<oo} be an one-parameter semigroup of mappings of C into itself such that for each z^C, {T t z} is bounded and for each x, \\T t x-T t y\\£a+a t )\\x-y\\ for all x, y<ΞC, where \ιma t =0. Then for each x in C, A λ x=-Λ T t x dt converges weakly to a
A JO
common fixed point of mappings T t , 0^ί
Since we can prove Theorem 3 as in Theorem 1 by using the following two lemmas, we shall omit the proof. Then the argument in the proof of Lemma 2 completes the proof.
We shall obtain the following lemma by a simple modification of Lemma 1 in [3] . 
\2{u-g, g-f)+p{g)-p{f)+\\g-fV\ <2ε
Then, since
we obtain K C ZD U {xλ and hence
ί>OTC)
By (b), there exists t, such that for t^t e , we can find zί £ in C m(£) such that ί-Mjll^ε. For t>t ε , it follows by y t =y t -u t +u t that
Since y Sι -* ιr, we obtain that Since ε>0 is arbitrary, it follows that Since {T^} is bounded for each z in C,
(( c)' -\ T t x dt converges weakly as λ -• oo for all

A JO
Moreover, if for all x^C, Px-Y\m-τ\ T t x dt, then P is a nonexpansive retraction λ Jo from C onto Γ\ F(T t ) satisfying
as -oo for each s^O.
X J o / J o
Hence we obtain that PT t =P for all f^O. It is obvious that T t P=P for all ί^O. § 4. Ergodic theorem for a commutative semigroup.
In this section, we shall prove an ergodic theorem for a commutative semigroup of nonexpansive mappings. 
S TzS
Since the asymptotic center is unique, we obtain y o =Xo-Now we define a mapping P on C as follows. For each x^C, Px is the asymptotic center of {Tx: T^Σ). Then P is a retraction of C onto F{Σ). It follows from the discussion above that P satisfies (a) and (b). Finally, we shall show that P is nonexpansive. As in Lemma 9, define l τ =P Q Tx for each TeJ, and ί=lιm P 0 Tx. By the deflni-
